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Abstract

We have derived rigorously the perimeter generating functions for the mean-
squared radius of gyration of rectangular, Ferrers and pyramid polygons. These
functions were found by Jensen recently. His nonrigorous results are based on
the analysis of the long series expansions.

PACS numbers: 05.50.+q, 05.70.Jk, 02.10.0x

In a recent letter, Jensen [1] derived long series expansions for the perimeter generating
functions of the radius of gyration of various self-avoiding polygons on the square lattice
with a convexity constraint. He used the series to find six algebraic exact solutions for the
generating functions. In the special cases of rectangular, Ferrers and pyramid polygons, the
exact solutions are relatively simple and can easily be proved rigorously. I shall comment
on the difficulty to derive rigorously the other three exact solutions at the end of this
comment.

The perimeter generating function for the number of polygons on the square lattice is
given by

P() =) pu", ()

where p,, is the number of self-avoiding polygons with perimeter 2n. The perimeter generating
function for the mean-squared radius of gyration of polygons is given by [1]

R(2) = Zrznz", )

n
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where

n—1
= > 0 —x)*+ (v — y)*1/2

Q, i,j=0
n—1 n—1 2 n—1 2
=Y e ) - ] - ] | 3)
Q, j=0 Jj Jj

the symbol €2, means the set of all polygons of perimeter length 7, and the coordinate of each
vertex on the polygon is denoted by (x, y).

A rectangular polygon is characterized by width a and height b. The perimeter generating
function for the number of rectangular polygons is

oo [o.¢]
PR =) Y =2/ -2 4)
a=1 b=1
The radius of gyration generation function is

R@) =YY rapz's, (5)

a=1 b=l
where r, , sums over all vertices of one rectangular polygon of width @ and height . Using
the identity

PP+2%2+. - +n°=nn+1D)Q2n+1)/6, (6)
we obtain the following expression:
Fap = n*(n*+2)/3, (7)
where n = a + b. Using the following identities where fi(z) = Y o m*z™:
fi=z/(1=2)? ®)
h=z20+2)/(1-2), )
fi=z(+4z+2H)/(1 - 2", (10)
fa=z(1+ 1z +1122+2%)/(1 — 2)°, (11)
f5 = z(1 + 26z + 66z% + 267> + z*) /(1 — 2)°, (12)
we obtain
00
R(z) =) n’(n’+2)(n — D"/3 =221 +2)°(4+2)/(1 — 2)°, (13)
n=2

which was first derived nonrigorously by Jensen.

The Ferrers polygons [1] with 2n steps are formed from a directed walk with n — 2 right
or up steps, extended at the starting point with a horizontal step and at the end point with a
vertical step, and then closed by straight lines to form a polygon. The generating function is

P(z) =) 2"%2"=2/(1 — 2). (14)

n=2
The directed walk starts from the origin with a; horizontal steps, then followed by
b, vertical steps, and so on. Each Ferrers polygon is characterized by a set of integers
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(ay, by, ...,ay, by,) where a; +by + - - - +a,, + b,, = n. Therefore the generation function can
also be derived in the following way:
oo o0
P(Z) — Z ZZ(H}) Tt Z Za1+h1+,,,+a,,,+b,,, I
a=1 b=1 ar,bi,....am by
=2/ =2+ + 2"/ =)™+ =22 /(1 = 22). (15)
The corresponding radius of gyration generation function is
oo
R(2) =) Ru(2), (16)
m=1
where
Ru@ = D Tapbroay b, 200, (17)
ap,by,....ap,by
After a straightforward calculation, we find
Favbrnambn = 100 +2)/3+ Aar, by, ..., ap, by, (18)
where
A(ay, by) =0,
A(ay, by, az, by) = —2a;b1(n — ax)(n — by),
Aay, by, ..., ap, by) = —2n°A —2A% +2n(B + C),
A=bi(ay+---+ay)+b(az+---+ay)+--+by 10y,
B=bi(ay+ - +ay) +by(as+-- +a,) +- - +by_1ay,
C=anby+-+by ) +an_1(by+---+by_2)*+---+arbl.
Substituting equation (18) into equation (16), we obtain
oo
R(2) = Ro+)_ Du(2), (19)
m=2
where
00 202 2
n“(n"+2)_, ., 2z 2 3 4
RO(Z)ZgTz z :m(4—7z+221 — 20z +8z%), (20)
Dy(z) = —4f} — 122 fo— 215 3 21
2(z) = Ji I fo f2 1o 21
Du() = D A, by, ...y, by)z et
al,b1 ..... a,,,,bm
-1
- _$(11m2 —15m —2) f{ f2m
2 m— m—
—3mm = DGm = DL f" = mm = D f". (22)
The radius of gyration generating function is
272
R(z) = ————— (4 — Tz + 13z — 10z’ + 2%, 23
(2) (1—2z)5( z+13z 77 +277) (23)

which was first derived by Jensen nonrigorously [1].
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A pyramid (stack) polygon of (m + 1) layers is characterized by (w,ay, ..., an,
by, ...,b,). The top layer is a w x 1 rectangle, the layer below is an (a; + w + by) x 1
rectangle, and so on. The perimeter length is 2n where

n=w+a +---+a,+by+---+b, +m+1. (24)

The perimeter generating function of pyramid polygons is [2]

) 00 0o 00
P(z) = (Z Zw+1> 1+ Z Z Z Zal+---+am+b1+--~+bm+m
w=1 m=1a;=0b;=0
_ i -2 25)
o l—z&= (- 1 =374

The radius of gyration generating function of pyramid polygons is

R )
R(Z):szn

n=2 3
o0 o0 o0 o0
B3 S S et Bra o By )2 b (06,
w=1m=1a;=0b;=0
‘We find
r(w,an, ..., am b1, ....by) =n*m*+2)/3+ A(w,ay,...,am, by, ..., by, 27)

where

A(w,ar,by) = =2(n — Dlai(n — a1) + bi(n — by)],

A(w,ay,...,am by, ..., by) =—2n*A —2B +2nC,

A= (a;+2a,+---+may)+ (b, +2by+ - - -+ mby,),

B = (ay +2as+-- -+ may)* + (by +2by + - - - + mby,)?,

C = (aj +2%ay + - -+ m?ay,) + (by +2*by + - - - + m*by,)
+(a+ay+-+ap) (@t +ay) +-+al
+ (b +by+- 4D+ (by+-+by) + -+ D2

Substituting equation (27) into equation (26), we obtain

R(2) = Ro+)_ Du(2), (28)

m=1

w=1m=0a;=0b;=0

l1/d 4+2 d\’| 20 -2

“13az) T3\Car) 1232+ 22

_ 872 — 547% +2507* — 6457° +929z° — 72277 + 30178 — 100z° + 15710 — 1!
o (1 —3z+7z2)5

(29)

Di(2) = -2 (8o i+ 12fF +8fofo+8f1fo) /(1 —2) — (8 fa fi fo + 87 + 127 fo),
(30)
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2 : w+ay+by+---+a,+by, +m+1
Dm(Z): A(wvalv'-'9am7b17"'1bm)z]al ! “ "

w,ay,by,...,apm by

[2/24m +5) + 121 fo + 2 fo fr(m + 1) (m +2) + 6 fo fo(m + 1) |m(m + 1)2"*!

3(1 — z)2m-1
[4£7(5m —2) + fo fE(A5m* + 11m — 8) + 4 fo f1 fo(4m — 1) |m(m + 1)z"*!
3(1 — z)2m—2
4fofim(m? — 1)(dm — 1)z}
- 3(1 — )23 - (€29)
After a long calculation, the final result is
872 — 5473 +214z% — 4897 + 605z° — 38677 + 17728 — 1202° + 1970 — 7!
R(z) = ,
(1 —3z+72)5
(32)

which was found by Jensen [1].

The perimeter and radius of gyration generating functions for the rectangular, Ferrers, and
pyramid polygons can be rigorously derived easily because all these functions can be expressed
as summations of infinite series such that each term of the series is defined explicitly. An
example is given by equation (26). The situation is very different for the staircase, directed
convex and convex polygons. To derive rigorously the perimeter generating functions for
these polygons, the first step is to obtain recursion relations and find their solutions [2, 3].
However, the corresponding recursion relations for the radius of gyration generating functions
are very complicated and the traditional method [4] to solve such relations does not work.

References

[1] Jensen I 2005 Perimeter generating functions for the mean-squared radius of gyration of convex polygons
J. Phys. A: Math. Gen. 38 L769-75

[2] Lin K'Y and Chang S J 1988 Rigorous results for the number of convex polygons on the square and honeycomb
lattices J. Phys. A: Math. Gen. 21 2635-42

[3] Lin K'Y, Ma S K, Kao C H and Chiu S H 1987 Number of anisotropic spiral self-avoiding loops J. Phys. A:
Math. Gen. 20 1881-8

[4] Temperley HN V 1956 Combinatorial problems suggested by statistical mechanics of domains and of rubber-like
molecules Phys. Rev. 103 1-6


http://dx.doi.org/10.1088/0305-4470/38/46/L01
http://dx.doi.org/10.1088/0305-4470/21/11/020
http://dx.doi.org/10.1088/0305-4470/20/7/032
http://dx.doi.org/10.1103/PhysRev.103.1

	References

